MAY 1963

l
|
|
|
I
I
|
|

a r b

Fig.1 The circulation for various )\, showing the presence
of a boundary layer for large [A|

having been discussed by Preston.! The purpose of this note
is simply to bring this class of solutions to the attention of
those engaged in the teaching of fluid dynamics.

The fluid is incompressible and is bounded by two long
cylinders of radii ¢ and b, rotating with angular velocities
Q; and Q.. The walls of the cylinders are porous, and fluid
is emitted by one cylinder and absorbed by the other at
equal rates. The motion depends on only one space coordi-
nate, the radial distance r, and there are two velocity com-
ponents, u radial and v transverse. The reason for the exist-
ence of a simple, exact solution is that the radial velocity
is unaffected by the transverse velocity; but the reverse is
not true, which provides the required interaction between
viscous and inertial forces. The equations of motion and
continuity are

udﬁ_fz_%p__,_V(d?u_l_d_“_li) (1)

dr r dr dr rdr 12
(d/dr)(ru) = 0 3)
These equations have a solution
u = m/r 4)
V = (4/r) + Brl+> (5)

where m is the strength of the source in the inner cylinder
(negative if the inner cylinder is absorbing fluid), and A =
m/v; |\| is the Reynolds number of the radial motion. If
A = —2, the expression for v becomes

v ="(4/r) + (B/n)logr (6)

The boundary conditions are v = Qe onr = a, and» = Qb on
r = b; these determine the coefficients 4 and B to be

a2 (b — Q) Qb2 — Qa?
A=y g B=im—gn O
and for the exceptional case A = —2,
4= Qalogh — Lboga b — et ®)
N logh — loga "~ logh — loga

The circulation rv has a typical behavior as indicated in
Fig. 1, from which the formation of a boundary layer as the
Reynolds number increases may be seen. For large Reynolds
numbers, the circulation remains constant as it is convected
across the region between the cylinders until it reaches the
cylinder that is absorbing fluid, where viscous forces produce
a sudden change in the value determined by the boundary

! Preston, J. H., “The steady circulatory flow about a circular
cylinder with uniformly distributed suction at the surface,”
Aeronaut. Quart. 1,319-338 (1950).
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. condition. The division of the flow into a potential flow

region and a boundary layer thus is demonstrated clearly.
Other solutions of a similar type which the reader (or his
students) will easily obtain are provided by introducing a
pressure gradient around the annulus with the cylinders at
rest (low in a curved channel), or by making the cylinders
move at different rates parallel to their axes, or by introducing
a pressure gradient in this direction. These four types can all
be superimposed. Limiting cases when the outer cylinder
tends to infinity, or the inner one shrinks to zero, provide
some interesting results.! Another set of limiting cases is
provided by keeping the difference in the radii fixed and let-
ting the radii tend to infinity so that flow between parallel
walls is obtained. All these solutions provide useful material
for classroom discussion, but their common feature is the
change in velocity profile to a boundary layer type as the
Reynolds number increases, which the author feels is im-
portant to be able to demonstrate in a simple manner.

Long Circular-Cylindrical Shells
Subjected to Circumferential, Radial
Line Loads
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N Ref. 1, expressions for stresses and displacements of a

long cirecular-cylindrical shell subjected to a uniform, ex-
ternal, circumferential, radial line load are derived by using
complex Fourier transform of Love’s stress function ¢ for
an axisymmetrical problem, a technique used by Tranter and
Craggs.? In this note the solution is derived by a direct
procedure similar to the solution given for a solid circular
cylinder in the recent handbook edited by Flugge.?

Governing Equations

It is required to find a stress function ¢ to satisfy the equa-
tion
o2 10 0% \?
(a—;z—i—?‘a;—i-a—zz)(ﬁ—o (1

for the cylinder shown in Fig. 1, with the additional condi-
tions along the internal boundary C;

fcidu=0 fcidv=0 fcidw=0 )

The stresses and displacements are given by
o = (0/02)[pv? — (% arH) ]9

7 = (0/0r)[(1 — »)V* — (0%/02%) ]9

ap = (0/02)[pV* — (1/r)(0/0r)1¢ 3)
o = (3/92)[(2 — »)V* — (0%/027)]¢

u = [(1 +»)/E]20 — »)V* — (2°/02) ¢

w = [—(1 + »)/E](d*¢/drde)

The boundary conditions are, when
r=1b 7. = 0and o, = 0 4
and when
r=a 7 = 0 and o, = —f(2)

where f(z) is the applied loading on the outer boundary, as-

Received January 25, 1963.

* Assistant Professor of Structural Engineering, Civil and Hy-
draulic Engineering Section.

t Senior Research Fellow in Structural Engineering, Civil and
Hydraulic Engineering Section. :



1224 ATAA JOURNAL

|

-
at

Fig. 1 Long circular-cylindrical shell
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suming it as compressive. When the external load is of in-
tensity p over a length 2£ (in the 2z direction), f(2) can be ex-
pressed as a Fourier-integral, i.e.,

f) = 2 fw SInag | sacda (5)
T 0 [2%
For a concentrated radial line load @, one has
_Q (-
fe) = B cosazda (6)

Following the approach for a solid cylinder,® the expression
for ¢ can be written as follows:

¢ = ﬁm % [A(a)o(or) + B(a)oarli(ar) +

Cla)Ko(ar) + D(a)arKi(ar)] sinazde:  (7)

,
The stresses are

I

ar

N {[<2u — DB(a) — A(e))o(ar) +

[1%:1) — B(a)ar] Ii(ar) +
[(1 — 2)D(a) — C(e)]Ko(ar) —
I:C(oz) + D )ar:l Kl(ar)}cosazda

ro = [7 {14 + 20 = B@]h(ar) + Ble)arTiar) —
[C(a) — 2(1 — »)D(e) |Kn(ar) — ©)
D(a)arKo(ar)} sinazde
o = [ {4(@) + 22 — »B(@)Vs(ar) +

B(a)arli(ar) + [Cle) — 2(2 — v)D(a) 1 Ko(ar) +
D(a)arK(ar)} cosaz de

N

= [ [ 4@ B (1~ B +

Kl(ozr)

Cla) —+ (@1 — v)D(a)Ko(ar)] cosazda

and the displacements are

-4 2 7 = {A@a) + B@U( — u(ar) +

arIl(ar)] + C(a)Ko(ar) + D{(a)[arKi(ar) —
4(1 — v)Ko(ar)]} sinazda
—(1 +v) f

C(a)Ky(ar)

9)
— [4(a)[1{ar) + B(a)arly(ar) —

— D{a)arKy(ar)] cosazda

Substitution of the stresses from Eq. (3) into the boundary
conditions given in Egs. (4) and (6) gives the following
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simultaneous equations, put in the matrix form, to determine
A(a), B(a), C(a), and D{e):

Gz Oiz O Aa) 0
Qo1 OG22 Qo3 Aot Ble) | _ 1|0 (10)
Qs O3 Q33 Qs Cla) 0
asn Qg Q43 Oy D(a) Qs
where
a; = L(aa)
oy = 11(011))
an = 2 g
ab
g = M - Io(aa)
aa
13 = —K1(OCG/)
an = —Ki(ab) (11)
U3z = —Ko(ab) — M
ab
ag = —Ko(ad) — Ki(aa)
al

ap = 2(1 — v)i(aa) + aals(aa)

a0 = 2(1 — v)[,(ab) + obly(ab)

az = (2v — DIo(ab) — abli(ab)

ap = (v — Dl(ea) — aali(aa)

a = 2(1 — »)K,(aa) — aaKo(aa)

an = 2(1 — »)Ki(ab) — abKe(ab)

ay = (1 — 2v)Ko(ab) — abKi(ab)

ay = (1 — 2)Ko(aa) — aaK(aa)

s = —Q/w

It can be seen easily that the expressions for stresses and

dlsplacements usmg Eqs. (3) and (10) will be the same as
given by Eq. (21) in Ref. 1. Numerical integration to evalu-
ate these stresses and displacements can be done as explained

in Ref. 1.
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Axisymmetric, Transverse Vibrations of
a Spinning Membrane Clamped at Its
Center
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Massachusetts Institute of Technology, Cambridge, Mass.

By a simple change of scale depending only on
Poisson’s ratio and membrane geometry, it is shown
that the axisymmetric transverse modes of vibration
of a fully clamped membrane are equivalent to those
of a partially clamped membrane.
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